This paper derives the limiting distributions of least squares averaging estimators for linear regression models in a local asymptotic framework. We show that the averaging estimators with fixed weights are asymptotically normal and then develop a plug-in averaging estimator that minimizes the sample analog of the asymptotic mean squared error. We investigate the focused information criterion (Claeskens and Hjort, 2003) , the plug-in averaging estimator, the Mallows model averaging estimator (Hansen, 2007) , and the jackknife model averaging estimator (Hansen and Racine, 2012) . We find that the asymptotic distributions of averaging estimators with data-dependent weights are nonstandard and cannot be approximated by simulation. To address this issue, we propose a simple procedure to construct valid confidence intervals with improved coverage probability. Monte Carlo simulations show that the plug-in averaging estimator generally has smaller expected squared error than other existing model averaging methods, and the coverage probability of proposed confidence intervals achieves the nominal level. As an empirical illustration, the proposed methodology is applied to cross-country growth regressions.
Introduction
In recent years, interest has increased in model averaging from the frequentist perspective. Unlike model selection, which picks a single model among the candidate models, model averaging incorporates all available information by averaging over all potential models. Model averaging is more robust than model selection since the averaging estimator considers the uncertainty across different models as well as the model bias from each candidate model. The central questions of concern are how to optimally assign the weights for candidate models and how to make inference based on the averaging estimator. This paper investigates the averaging estimators in a local asymptotic framework to deal with these issues. The main contributions of the paper are the following: First, we characterize the optimal weights of the model averaging estimator and propose a plug-in estimator to estimate the infeasible optimal weights. Second, we investigate the focused information criterion (FIC; Claeskens and Hjort, 2003) , the plug-in averaging estimator, the Mallows model averaging (MMA; Hansen, 2007) , and the jackknife model averaging (JMA; Hansen and Racine, 2012) . We show that the asymptotic distributions of averaging estimators with data-dependent weights are nonstandard and cannot be approximated by simulation. Third, we propose a simple procedure to construct valid confidence intervals to address the problem of inference post model selection and averaging.
In finite samples, adding more regressors reduces the model bias but causes a large variance. To yield a good approximation to the finite sample behavior, we follow Hjort and Claeskens (2003a) and Claeskens and Hjort (2008) and investigate the asymptotic distribution of averaging estimators in a local asymptotic framework where the regression coefficients are in a local n −1/2 neighborhood of zero. This local asymptotic framework ensures the consistency of the averaging estimator while in general presents an asymptotic bias. Excluding some regressors with little information introduces the model bias but reduces the asymptotic variance. The trade-off between omitted variable bias and estimation variance remains in the asymptotic theory. Under drifting sequences of parameters, the asymptotic mean squared error (AMSE) remains finite and provides a good approximation to finite sample mean squared error. The O(n −1/2 ) framework is canonical in the sense that both squared model biases and estimator variances have the same order O(n −1 ). Therefore, the optimal model is the one that has the best trade-off between bias and variance in this context.
Under the local-to-zero assumption, we derive the asymptotic distributions of least squares averaging estimators with both fixed weights and data-dependent weights. We show that the submodel estimators are asymptotically normal and develop a model selection criterion, FIC, which is an unbiased estimator of the AMSE of the submodel estimator. The FIC chooses the model that achieves the minimum estimated AMSE. We extend the idea of FIC to the model averaging. We first derive the asymptotic distribution of the averaging estimator with fixed weights, which allows us to characterize the optimal weights under the quadratic loss function. The optimal weights are found by numerical minimization of the AMSE of the averaging estimator. We then propose a plugin estimator of the infeasible optimal fixed weights, and use these estimated weights to construct a plug-in averaging estimator of the parameter of interest. Since the estimated weights depend on the covariance matrix, it is quite easy to model the heteroskedasticity.
Estimated weights are asymptotically random, and this must be taken into account in the asymptotic distribution of the plug-in averaging estimator. This is because the optimal weights depend on the local parameters, which cannot be estimated consistently. To address this issue, we first show the joint convergence in distribution of all candidate models and the data-dependent weights. We then show that the asymptotic distribution of the plug-in estimator is a nonlinear function of the normal random vector. Under the same local asymptotic framework, we show that both MMA and JMA estimators have nonstandard asymptotic distributions.
The limiting distributions of averaging estimators can be used to address the important problem of inference after model selection and averaging. We first show that the asymptotic distribution of the model averaging t-statistic is nonstandard and not asymptotically pivotal. Thus, the traditional confidence intervals constructed by inverting the model averaging t-statistic lead to distorted inference. To address this issue, we propose a simple procedure for constructing valid confidence intervals. Simulations show that the coverage probability of traditional confidence intervals is generally too low, while the coverage probability of proposed confidence intervals achieves the nominal level.
In simulations, we compare the finite sample performance of the plug-in averaging estimator with other existing model averaging methods. Simulation studies show that the plug-in averaging estimator generally produces lower expected squared error than other data-driven averaging estimators. As an empirical illustration, we apply the least squares averaging estimators to crosscountry growth regressions. Our estimator has the smaller variance of the log GDP per capita in 1960, though our regression coefficient of the log GDP per capita in 1960 is close to those of other estimators. Our results also find little evidence of the new fundamental growth theory.
The model setup in this paper is similar to that of Hansen (2007) and Hansen and Racine (2012) . The main difference is that we consider a finite-order regression model instead of an infiniteorder regression model. Hansen (2007) and Hansen and Racine (2012) propose the MMA and JMA estimators and demonstrate the asymptotic optimality in homoskedastic and heteroskedastic settings, respectively. However, it is difficult to make inference based on their estimators since there is no asymptotic distribution available in both papers. By considering a finite-order regression model, we are able to derive the asymptotic distributions of the MMA and JMA estimators in a local asymptotic framework.
The idea of using the local asymptotic framework to investigate the limiting distributions of model averaging estimators is developed by Hjort and Claeskens (2003a) and Claeskens and Hjort (2008) . Like them, we employ a drifting asymptotic framework and use the AMSE to approximate the finite sample MSE. We, however, consider a linear regression model instead of the likelihoodbased model, and allow for heteroskedastic error settings. Furthermore, we characterize the optimal weights of the averaging estimator in a general setting and propose a plug-in estimator to estimate the infeasible optimal weights.
Other work on the asymptotic properties of averaging estimators includes Leung and Barron (2006) , Pötscher (2006) , and Hansen (2009 Hansen ( , 2010 Hansen ( , 2013b . Leung and Barron (2006) study the risk bound of the averaging estimator under a normal error assumption. Pötscher (2006) analyzes the finite sample and asymptotic distributions of the averaging estimator for the two-model case. Hansen (2009) evaluates the AMSE of averaging estimators for the linear regression model with a possible structural break. Hansen (2010) examines the AMSE and forecast expected squared error of averaging estimators in an autoregressive model with a near unit root in a local-to-unity framework. Hansen (2013b) studies the asymptotic risk of least squares averaging estimator in a nested model framework. Most of these studies, however, are limited to the two-model case and the homoskedastic framework.
There is a growing body of literature on frequentist model averaging. Buckland, Burnham, and Augustin (1997) suggest selecting the weights using the exponential AIC. Yang (2000) , Yang (2001) , and Yuan and Yang (2005) propose an adaptive regression by mixing models. Hansen (2007) introduces the Mallows model averaging estimator for nested and homoskedastic models where the weights are selected by minimizing the Mallows criterion. Wan, Zhang, and Zou (2010) extend the asymptotic optimality of the Mallows model averaging estimator for continuous weights and a non-nested setup. Liang, Zou, Wan, and Zhang (2011) suggest selecting the weights by minimizing the trace of an unbiased estimator of mean squared error. Zhang and Liang (2011) propose an FIC and a smoothed FIC averaging estimator for generalized additive partial linear models. Hansen and Racine (2012) propose the jackknife model averaging estimator for nonnested and heteroskedastic models where the weights are chosen by minimizing a leave-one-out cross-validation criterion. DiTraglia (2013) proposes a moment selection criterion and a moment averaging estimator for the GMM framework. In contrast to frequentist model averaging, there is a large body of literature on Bayesian model averaging, see Hoeting, Madigan, Raftery, and Volinsky (1999) and Moral-Benito (2013) for a literature review.
There is a large body of literature on inference after model selection, including Pötscher (1991), Kabaila (1995 Kabaila ( , 1998 , and Leeb and Pötscher (2003 , 2006 . These papers point out that the coverage probability of the confidence interval based on the model selection estimator is lower than the nominal level. They also argue that the conditional and unconditional distribution of post model selection estimators cannot be uniformly consistently estimated. In the model averaging literature, Hjort and Claeskens (2003a) and Claeskens and Hjort (2008) show that the traditional confidence interval based on normal approximations leads to distorted inference. Pötscher (2006) argues that the finite-sample distribution of the averaging estimator cannot be uniformly consistently estimated.
There are also alternatives to model selection and model averaging. Tibshirani (1996) introduces the LASSO estimator, a method for simultaneous estimation and variable selection. Zou (2006) proposes the adaptive LASSO approach and presents its oracle properties. Hansen, Lunde, and Nason (2011) propose the model confidence set, which is constructed based on an equivalence test. White and Lu (2014) propose a new Hausman (1978) type test of robustness for the core regression coefficients. They also provide a feasible optimally combined GLS estimator.
The outline of the paper is as follows. Section 2 presents the regression model, the submodel, and the averaging estimator. Section 3 presents the asymptotic framework and assumptions. Section 4 introduces the FIC and the plug-in averaging estimator. Section 5 derives the distribution theory of FIC, plug-in, MMA, and JMA estimators, and proposes a procedure to construct valid confidence intervals for averaging estimators. Section 6 examines the finite sample properties of averaging estimators. Section 7 presents the empirical application and Section 8 concludes the paper. Proofs are included in the Appendix.
The Model and the Averaging Estimator
Consider a linear regression model
where y i is a scalar dependent variable, x i = (x 1i , ..., x pi ) ′ and z i = (z 1i , ..., z qi ) ′ are vectors of regressors, e i is an unobservable regression error, and β(p × 1) and γ(q × 1) are unknown parameter vectors. The error term is allowed to be heteroskedastic, and there is no further assumption on the distribution of the error term. Here, x i are the core regressors, which must be included in the model based on theoretical grounds, while z i are the auxiliary regressors, which may or may not be included in the model. 1 Note that x i may only include a constant term or even an empty matrix.
.., z n ) ′ , and e = (e 1 , ..., e n ) ′ . In matrix notation, we write the model as
where H = (X, Z) and θ = (β ′ , γ ′ ) ′ . Suppose that we have a set of M submodels. Let Π m be the q m × q selection matrix which selects the included auxiliary regressors. The m'th submodel includes all core regressors X and a subset of auxiliary regressors Z m where Z m = ZΠ ′ m . Note that the m'th submodel has p + q m regressors and q m is the number of auxiliary regressors z i in the submodel m. The set of models could be nested or non-nested. 2 If we consider a sequence of nested models, then M = q + 1. If we consider all possible subsets of auxiliary regressors, then M = 2 q .
The least squares estimator of θ for the full model, i.e., all auxiliary regressors are included in the model, isθ Assumption 2. As n → ∞,
This condition holds under appropriate primitive assumptions. For example, if y i is a stationary and ergodic martingale difference sequence with finite fourth moments, then the condition follows from the weak law of large numbers and the central limit theorem for martingale difference sequences.
Let
be selection matrices of dimension (p + q) × q and (p + q) × (p + q m ), respectively. Since the extended selection matrix S m is non-random with elements either 0 or 1, for the submodel m we have
with
The following lemma describes the asymptotic distributions of the least squares estimators. Let
Lemma 1. Suppose Assumptions 1-2 hold. As n → ∞, we have
where
Lemma 1 implies that bothθ f andθ m are consistent. A m δ represents the asymptotic bias of submodel estimators. For the full model, the asymptotic bias is zero since (I q − Π ′ m Π m ) = 0. For the submodels, the asymptotic bias is zero if the coefficients of the auxiliary regressors are zero, i.e., γ = 0, or the auxiliary regressors are uncorrelated, i.e., Q is a diagonal matrix. The magnitude of the asymptotic bias is determined by two components, the local parameter δ and the covariance matrix Q, which is illustrated in Figure 1 . Figure 1 shows the asymptotic mean squared error (AMSE) of √ n(β 2 − β 2 ) of the narrow model estimator, the middle model estimator, the full model estimator, and the averaging estimator in a three-nested-model framework. The left panel shows that the best submodel, which has the lowest AMSE, varies with δ. When |δ| is small, the omitted variable bias is relatively small. Therefore, we prefer the narrow model which has an omitted variable bias but a much smaller estimation variance. On the other hand, when |δ| is large we should prefer the full model. Note that the standard asymptotics for nonzero and fixed parameters γ correspond to δ = ±∞. The left panel implies that we should always choose the full model if all regression coefficients are modeled as fixed.
The right panel of Figure 1 shows that the best submodel varies with ρ, and the full model is not always better in the local asymptotic framework. When the auxiliary regressors are uncorrelated, i.e., ρ = 0, all submodel estimators have the same AMSE. For larger ρ, the asymptotic variance increases much faster than asymptotic bias. Therefore, we should consider the smaller model. We also compare the AMSE of the submodel estimators with the AMSE of the averaging estimator with the optimal weight derived in (4.6). The striking feature is that the averaging estimator achieves a much lower AMSE than all submodel estimators in both panels.
Focused Information Criterion and Plug-In Averaging Estimator
In this section, we derive a focused information criterion (FIC) model selection for the focus parameter. We also characterize the optimal weights of the averaging estimator and present a plug-in method to estimate the infeasible optimal weights.
Focused Information Criterion
, and D γm = ∂µ/∂γ m , with partial derivatives evaluated at the null points (β ′ , 0 ′ ) ′ . Assume the partial derivatives are continuous in a neighborhood of the null points. Lemma 1 and the delta method imply the following theorem. Theorem 1. Suppose Assumptions 1-2 hold. As n → ∞, we have
Theorem 1 implies joint convergence in distribution of all submodels since all asymptotic distributions can be expressed in terms of the same normal random vector R. A direct calculation yields
Since D θ depends on the focus parameter µ, we can use (4.1) to select a proper submodel depending on the parameter of interest. This is the idea behind FIC proposed by Claeskens and Hjort (2003) .
To use (4.1) for model selection, we need to estimate the unknown parameters D θ , C m , P m , Ω, and δ. DefineD θ = ∂µ(θ f )/∂θ whereθ f is the estimate from the full model. Sinceθ f is a consistent estimator of θ, it follows thatD θ is a consistent estimator of D θ . Note that both C m and P m are functions of Q and selection matrices, which can be consistently estimated by the sample analogue. 6 The consistent estimator for Ω is also available. 7 We now consider the estimator for the local parameter δ. Unlike D θ , C m , P m , and Ω, there is no consistent estimator for the parameter δ due to the local asymptotic framework. We can, however, construct an asymptotically unbiased estimator of δ by using the estimator from the full model. That is,δ = √ nγ f whereγ f is the estimate from the full model. From Lemma 1, we know thatδ
As shown above,δ is an asymptotically unbiased estimator for δ and converges in distribution to a linear function of the normal random vector R. Since the mean of
7 If the error term is serially uncorrelated and identically distributed, then Ω can be consistently estimated by the heteroskedasticity-consistent covariance matrix estimator proposed by White (1980) . The estimator isΩ = 1 n n i=1 hih ′ iê 2 i whereêi is the least squares residual from the full model. If the error term ei is serially correlated and identically distributed, then Ω can be estimated consistently by the heteroskedasticity and autocorrelation consistent covariance matrix estimator. The estimator is defined asΩ =
is a kernel function and Sn the bandwidth. Under some regularity conditions, it follows thatΩ p −→ Ω; for serially uncorrelated errors, see White (1980) and White (1984) , and for serially correlated errors, see Newey and West (1987) and Andrews (1991b) . (2003), we define the FIC of the m'th submodel as
Following Claeskens and Hjort
which is an asymptotically unbiased estimator of AMSE(μ m ). We then select the model with the lowest FIC.
Plug-In Averaging Estimator
We extend the idea of FIC to the averaging estimator. 8 Instead of comparing the AMSE of each submodel, we derive the AMSE of the averaging estimator with fixed weight in a local asymptotic framework. This result allows us to characterize the optimal weights of the averaging estimator under the quadratic loss function. We then propose a plug-in estimator to estimate the infeasible optimal weights. The following theorem shows the asymptotic normality of the averaging estimator with fixed weights.
Theorem 2. Suppose Assumptions 1-2 hold. As n → ∞, we have
The asymptotic bias and variance of the averaging estimator are D ′ θ C w δ and V , respectively. The asymptotic variance has two components. The first component is the weighted average of the variance of each model, and the second component is the weighted average of the covariance between any two models.
Theorem 2 implies that the AMSE of the averaging estimatorμ(w) is
where Ψ is an M × M matrix with the (m, ℓ)th element
The optimal fixed-weight vector is the value that minimizes AMSE(μ(w)) over w ∈ H n :
8 Hjort and Claeskens (2003a) propose a smoothed FIC averaging estimator, which assigns the weights of each candidate model by using the exponential FIC. The weight function is a parametric form and is defined aŝ
The simulation shows that the performance of the smoothed FIC averaging estimator is sensitive to the choice of the nuisance parameter α and there is no data-driven method available to choose α. They also consider the averaging estimator, which selects weights to minimize the estimated risk in the likelihood framework for a two-model case, the full model and the narrow model.
Since the optimal weights depend on the covariance matrix Ω, it is quite easy to model the heteroskedasticity. When we have more than two submodels, there is no closed-form solution to (4.6). In this case, the weight vector can be found numerically via quadratic programming for which numerical algorithms are available for most programming languages.
The optimal weights are infeasible because they depend on the unknown parameters D θ , C m , P m , Ω, and δ. Furthermore, we cannot estimate the optimal weights directly because there is no closed form expression when the number of models is greater than two. A straightforward solution is to estimate the AMSE of the averaging estimator given in (4.4) and (4.5), and to choose the data-dependent weights by minimizing the sample analog of the AMSE. As mentioned by Hjort and Claeskens (2003a) , we can estimate AMSE(μ(w)) by insertingδ for δ or using unbiasedδδ ′ − S ′ 0Q −1ΩQ−1 S 0 for δδ ′ . The plug-in estimator of (4.4) is w ′Ψ w wherê Ψ is the sample analog of Ψ with the (m, ℓ)th element
The plug-in averaging estimator is defined as
The alternative estimator of Ψ m,ℓ iŝ
As shown in the next section, the estimator (4.7) has a simpler limiting distribution than the estimator (4.9). Also, the simulation shows that the estimator (4.7) has better finite sample performance than the estimator (4.9).
Asymptotic Distributions of Averaging Estimators
In this section, we present the asymptotic distributions of the FIC model selection estimator, the plug-in averaging estimator, the Mallows model averaging (MMA) estimator, and the jackknife model averaging (JMA) estimator. 9 We also propose a valid confidence interval for the model averaging estimator.
Asymptotic Distributions of FIC and Plug-In Averaging Estimator
The model selection estimator based on information criteria is a special case of the model averaging estimator. The model selection puts the whole weight on the model with the smallest value of the information criterion and gives other models zero weight. The weight function of the model selection estimator can be expressed by the indicator function.
The weight function of the FIC estimator is thuŝ 
This result implies that the FIC estimator has a nonstandard limiting distribution. The following theorem presents the asymptotic distribution of the plug-in averaging estimator defined in (4.7) and (4.8). 10
Theorem 3. Letŵ = argmin w∈Hn w ′Ψ w be the plug-in weights. AssumeΩ
where Ψ * is an M × M matrix with the (m, ℓ)th element
where Λ m is defined in Theorem 1.
Rather than impose regularity conditions, we assume there exists a consistent estimator for Ω. The sufficient condition for the consistency is that e i is i.i.d. or a martingale difference sequence with finite fourth moment. For serial correlation, data is a mean zero α-mixing or ϕ-mixing sequence. Theorem 3 shows that the estimated weights are asymptotically random under the local asymptotic assumption. This is because the local parameter δ cannot be consistently estimated and thus the estimateδ is random in the limit.
In order to derive the asymptotic distribution of the plug-in averaging estimator, we show that there is joint convergence in distribution of all submodel estimatorsμ m and estimated weightsŵ.
10 For the plug-in averaging estimator defined in (4.9), the limiting distribution is the same except (5.2) is replaced
The joint convergence in distribution comes from the fact that both Λ m and w * m can be expressed in terms of the normal random vector R. It turns out the limiting distribution of the plug-in averaging estimator is not normally distributed. Instead, it is a nonlinear function of the normal random vector R. The non-normal nature of the limiting distribution of the averaging estimator with data-dependent weights is also pointed out by Hjort and Claeskens (2003a) and Claeskens and Hjort (2008) .
Mallows Model Averaging Estimator
Hansen (2007) proposes the Mallows model averaging estimator for the homoskedastic linear regression model. He extends the asymptotic optimality from model selection in Li (1987) to model averaging. He shows that the average squared error of the MMA estimator is asymptotic equivalent to the lowest expected squared error. The MMA estimator, however, is not asymptotically optimal in our framework. This is because the condition (15) of Hansen (2007) does not hold in the local asymptotic framework. The condition requires that there is no submodel m for which the bias is zero, which does not hold in our framework since the full model has no bias.
Letê(w) = y − Hθ(w) be the averaging residual vector andθ(w) = M m=1 w m S mθm the averaging estimator of θ. Hansen (2007) suggests selecting the model weights by minimizing the Mallow's criterion:
where σ 2 = E(e 2 i ), k = (k 1 , ..., k M ) ′ , and k m = p + q m . Letê f = y − Hθ f andê m = y − H mθm be the residual vectors from the full model and the submodel m, respectively. To derive the asymptotic distribution of the MMA estimator, we add and subtract the sum of squared residuals of the full model and rewrite the Mallow's criterion (5.5) as
where ζ n is an M × M matrix with the (m, ℓ)th element ζ m,ℓ =ê ′ mêℓ −ê ′ fê f . Note thatê ′ fê f is not related to the weight vector w. Therefore, minimizing (5.6) over w = (w 1 , ..., w M ) is equivalent to minimizing
Since the criterion function C n (w) is a quadratic function of the weight vector, the MMA weights can be found by quadratic programming as the optimal fixed-weight vector and the plug-in weight vector. However, unlike the plug-in averaging estimator where the weights are tailored to the parameter of interest, the MMA estimator selects the weights based on the conditional mean function. In practice, we use s 2 =ê ′ fê f /(n − p − q) to estimate σ 2 . Under some regularity conditions, it follows that s 2 is consistent for σ 2 . The following theorem shows the limiting distribution of the MMA estimator. 11
Theorem 4. Letŵ = argmin w∈Hn C n (w) be the MMA weights. Suppose Assumptions 1-2 hold. As n → ∞, we have
where ζ * is an M × M matrix with the (m, ℓ)th element
Also, we haveŵ
The main difference between Theorem 3 and 4 is the limiting behavior of the weight vector. Since the plugin averaging estimator chooses the weight based on the focus parameter, the asymptotic distribution of the selected weight involves the partial derivatives D θ . Therefore, for a different parameter of interests, we have different asymptotic distributions. Unlike the plug-in averaging estimator, the MMA estimator selects the weights based on the conditional mean function. As a result, the limiting distribution of the weight function does not depend on the parameter of interest. Hansen and Racine (2012) propose the jackknife model averaging estimator for the linear regression model and demonstrate the asymptotic optimality of the JMA estimator in the presence of heteroskedasticity. They extend the asymptotic optimality from model selection for heteroskedastic regressions in Andrews (1991a) to model averaging. Similar to the MMA estimator, the JMA estimator is not asymptotically optimal in the linear regression model with a finite number of regressors.
Jackknife Model Averaging Estimator
Hansen and Racine (2012) suggest selecting the weights by minimizing a leave-one-out crossvalidation criterion:
CV n (w) = 1 n w ′ẽ′ẽ w (5.12) whereẽ = (ẽ 1 , ...,ẽ M ) is a n × M matrix of leave-one-out least squares residuals andẽ m are the residuals of submodel m obtained by least squares estimation without the i ′ th observation.
To derive the asymptotic distribution of the JMA estimator, we adopt the same strategy and rewrite (5.12) as
where ξ n is an M × M matrix with the (m, ℓ)th element ξ m,ℓ =ẽ ′ mẽℓ −ê ′ fê f . Note that minimizing CV n (w) over w = (w 1 , ..., w M ) is equivalent to minimizing
(5.14)
Like the MMA estimator, the JMA estimator chooses the weights based on the conditional mean function instead of the focus parameter. Similar to the plug-in averaging estimator and the MMA estimator, the weight vector of the JMA estimator can be found by quadratic programming. 12 The following assumption is imposed on the data generating process.
.., p, and E(z 4 ji ) < ∞ for j = 1, ..., q.
Condition (a) in Assumption 3 is the i.i.d. assumption, which is also made in Hansen and Racine (2012) . The result in Theorem 5 can be extended to the stationary case. Condition (b) is the standard assumption for the linear regression model. Note that Assumption 3 implies Assumption 2. Therefore, the results in Lemma 1, Theorem 1, and Theorem 2 hold under Assumptions 1 and 3.
Theorem 5. Letŵ = argmin w∈Hn CV n (w) be the JMA weights. Suppose Assumptions 1 and 3 hold.
As n → ∞, we have
where ξ * is an M × M matrix with the (m, ℓ)th element
where R m is defined in Theorem 4. Also, we havê
12 However, the computational burden of the JMA estimator is heavier than the plug-in averaging estimator and MMA estimator when both the sample size and the number of regressors are large.
Note that the first term of ξ * m,ℓ in (5.16) is the same as ζ * m,ℓ in (5.9). This is because both the JMA and MMA estimators select weights based on the conditional mean function. Under conditional homoskedasicity E(e 2 i |x i , z i ) = σ 2 , we have Ω = σ 2 Q. Thus, in this case, the second and third terms in (5.16) are simplified as σ 2 k m and σ 2 k ℓ .
Valid Confidence Interval
We now discuss how to make inference based on the distribution results derived from previous sections. Let w(m|δ) denote a data-dependent weight function for the m'th model. Consider an averaging estimator of the focus parameter µ as
where the weights w(m|δ) take the values in the interval [0, 1] and the sum of the weights is required to sum to 1. Following Theorem 2, we define the standard error ofμ as s(μ) = n −1/2 V wherê
Since µ is a scalar, we can construct the confidence interval by using the t-statistic. Consider the t-statistic of the averaging estimator of µ
Unfortunately, the asymptotic distribution of the t-statistic t n (µ) is nonstandard. Furthermore, t n (µ) is not asymptotically pivotal. Suppose w(m|δ)
where Λ m is defined in Theorem 1 and
Equation (5.22) shows that the limiting distribution of the t-statistic t n (µ) is a nonlinear function of the normal random vector R and the local parameter δ. In Figure 2 , we simulate the asymptotic distribution of the model averaging t-statistic in a three-nested-model framework for three different ρ. The density functions are computed by kernel estimation using 5000 random samples. The figure shows that the asymptotic distributions of t n (µ) for large ρ are quite different from the standard normal probability density function. As a result, the traditional confidence intervals based on normal approximations lead to distorted inference. As shown above, the asymptotic distribution of the t-statistic of the averaging estimator depends on unknown parameters, and thus cannot directly be used for inference. Furthermore, we cannot simulate the asymptotic distribution of t n (µ) since the local parameters are unknown and cannot be estimated consistently. To address this issue, we propose a simple procedure for constructing valid confidence intervals. The following theorem presents a general distribution theorem for the averaging estimator with data-dependent weights.
Theorem 6. Assume w(m|δ) d −→ w(m|R δ ). Suppose Assumptions 1-2 hold. As n → ∞, we have
Theorem 6 shows that the limiting distribution of the averaging estimator with data-dependent weights is nonstandard in general since the estimated weights are asymptotically random. As discussed above, a direct construction of a confidence interval based on the t-statistic is not valid since the limiting distribution of √ n (μ − µ) is a nonlinear function of the normal random vector R and the local parameters δ. We follow Hjort and Claeskens (2003a) , Claeskens and Carroll (2007) , and Zhang and Liang (2011) to construct a valid confidence interval as follows. Letκ 2 be a consistent estimator of
Since there is a simultaneous convergence in distribution, it follows that
Then, we define the confidence interval for µ as
where z 1−α/2 is 1−α/2 quantile of the standard normal distribution. Thus, we have P r(µ ∈ CI n ) → 2Φ(z 1−α/2 ) − 1 where Φ(·) is a standard normal distribution function, which means the proposed confidence interval (5.23) has asymptotically the correct coverage probability.
Simulation Study
In this section, we investigate the finite sample mean square error of the averaging estimators via Monte Carlo experiments. We also provide the comparison of the coverage probability between the proposed confidence intervals and traditional confidence intervals.
Simulation Setup
We consider a linear regression model with a finite number of regressors
where x 1i = 1 and (x 2i , ..., x ki ) ′ ∼ N (0, Q). The diagonal elements of Q are 1, and off-diagonal elements are ρ. The error term is generated from a normal distribution N (0, σ 2 i ) where σ i = 1 for the homoskedastic simulation and σ i = (1 + 6x 2 2i )/11 for the heteroskedastic simulation. We let x 1i , x 2i , and x 3i be the core regressors and consider all other regressors auxiliary. The regression coefficients are determined by the rule
where q is the number of the auxiliary regressors. The parameter c is selected to control the population R 2 =θ ′ Qθ/(1 +θ ′ Qθ) whereθ = (θ 2 , ..., θ k ) ′ and R 2 varies on a grid between 0.1 and 0.9. The local parameters are determined by δ j = √ nθ j = c(k − j + 1)/q for j ≥ 4. We consider all possible submodels, that is, the number of models is M = 2 k−3 .
We consider five estimators: (1) optimal frequentist model averaging estimator (labeled OFMA), (2) Mallows model averaging estimator (labeled MMA), (3) jackknife model averaging estimator (labeled JMA), (4) focused information criterion model selection (labeled FIC), and (5) plug-in averaging estimator (labeled Plug-In). 14 The optimal frequentist model averaging estimator is proposed by Liang, Zou, Wan, and Zhang (2011) , and suggests selecting the weights by minimizing the trace of an unbiased estimator of the mean squared error of the averaging estimator. 15 Our parameter of interest is µ = θ 1 + θ 2 + θ 3 , the sum of the coefficients of the core regressors. To evaluate the finite behavior of the averaging estimators, we compute the risk based on the quadratic loss function. The risk (expected squared error) is calculated by averaging across 5000 random samples. We follow Hansen (2007) and normalize the risk by dividing by the risk of the infeasible optimal least squares estimator, i.e., the risk of the best-fitting submodel m. 15 Liang, Zou, Wan, and Zhang (2011) consider a parametric form of the weight function. The weight function is defined as wm = a
ℓ ) where km = p + qm and parameters (a, b, c) are chosen by minimizing the criterion function Cn(a, b, c) =σ
.., φM ) with φm = tr(QWmQ ′ ), and diag(C2) is the diagonal of C2. 
Simulation Results
The normalized risk functions are displayed in Figures 3-6 . In each figure, the homoskedastic and heteroskedastic simulations are displayed in row (a) and (b), respectively. The main observations from the simulations are (i) MMA and JMA have similar normalizes risk in both homoskedastic and heteroskedastic setups; (ii) Plug-In achieves lower normalized risk than FIC, and both FIC and Plug-In have much lower normalized risk than MMA and JMA in most cases; (iii) OFMA performs noticeably better than other estimators when R 2 is small but performs worse than other estimators when R 2 is large under homoskedastic errors. Figure 3 shows the effect of the number of models on the normalized risk. When we only consider two models, the restricted and nonrestricted models, all estimators have similar normalized risk in both homoskedastic and heteroskedastic simulations. The normalized risk of most estimators increases as the number of models increases, while the risk of Plug-In is close to that of the infeasible optimal least squares estimator in most ranges of the parameter space. Figure 4 shows the effect of the correlation between regressors on the normalized risk. All estimators have larger risk when ρ and R 2 are larger. JMA has lower normalized risk than MMA for larger ρ under heteroskedastic errors. Figure 5 shows the effect of the sample size on the normalized risk. As the sample size increases, the normalized risk of both MMA and JMA increase. Therefore, it shows that both estimators are not asymptotically optimal in a linear regression model with a finite number of regressors. Unlike, MMA, JMA, and OFMA, the normalized risk of FIC and Plug-In are getting close to one as n increases. Figure 6 shows the effect of the importance of the auxiliary regressors on the normalized risk. Note that the parameter a measures the importance of the auxiliary regressors relative to the core regressors. The larger a implies that the auxiliary regressors have a greater influence on the model. The result shows that FIC and Plug-In are relatively unaffected by the value of a and R 2 , while OFMA, MMA, and JMA have larger normalized risk when a and R 2 are larger.
Coverage Probabilities
We now examine the finite sample performance of proposed and traditional confidence intervals. The traditional confidence intervals of OFMA, MMA, JMA, FIC, and Plug-In estimators are constructed by inverting the model averaging t-statistic defined in (5.21), that is, while the proposed valid confidence intervals (labeled Valid) are computed based on (5.23). 16 The data generating process is based on (6.1) and (6.2). The number of simulations is 5000. The finite-sample coverage probabilities of the 90% confidence intervals for homoskedastic errors and heteroskedastic errors are reported in Tables 1 and 2 , respectively. Overall, the coverage probabilities of the valid confidence intervals are generally close to the nominal values, while the traditional confidence intervals are much lower than the level 90%. When ρ gets bigger, the coverage probabilities of the traditional confidence intervals are substantially smaller than the nominal values. Among these averaging estimators, the coverage probabilities of Plug-In are closer to the nominal level than other estimators. It is also worth mentioning that the coverage probabilities of OFMA are close to the level 90% when R 2 is small but are lower than other estimators when both R 2 and ρ are large. 
An Empirical Example
In this section, we apply the model averaging methods to cross-country growth regressions. The challenge of empirical research on economic growth is that one does not know exactly what explanatory variables should be included in the true model. Many studies attempt to identify the variables explaining the differences in growth rates across countries by regressing the average growth rate of GDP per capita on a large set of potentially relevant variables, see Durlauf, Johnson, and Temple (2005) for a literature review. Due to limited number of the observations and a large amount of the candidate variables, the empirical growth literature has been heavily criticized for its kitchen-sink approach.
In order to take into account the model uncertainty, Bayesian model averaging techniques have been applied to empirical growth, including Fernandez, Ley, and Steel (2001) , Sala-i Martin, Doppelhofer, and Miller (2004) , Durlauf, Kourtellos, and Tan (2008) , and Magnus, Powell, and Prufer (2010) . We apply frequentist model averaging approaches as an alternative to Bayesian model averaging techniques to economic growth. We estimate the following cross-country growth 
where g i is average growth rate of GDP per capita between 1960 and 1996, x i are the Solow variables from the neoclassical growth theory, and z i are fundamental growth determinants such as geography, institutions, religion, and ethnic fractionalization from the new fundamental growth theory. Here, x i are core regressors, which appear in every submodel, while z i are the auxiliary regressors, which serve as controls of the neoclassical growth theory and may or may not be included in the submodels. We follow Magnus, Powell, and Prufer (2010) and consider two model specifications to compare the neoclassical growth theory with the fundamental new growth theory. Model Setup A includes six core regressors and four auxiliary regressors. The six core regressors are the constant term (CONSTANT), the log of GDP per capita in 1960 (GDP60), the 1960-1985 equipment investment share of GDP (EQUIPINV), the primary school enrollment rate in 1960 (SCHOOL60), the life expectancy at age zero in 1960 (LIFE60), and the population growth rate between 1960 and 1990 (DPOP) . The four auxiliary regressors are a rule of law index (LAW), a country's fraction of tropical area (TROPICS), an average index of ethnolinguistic fragmentation in a country (AVELF), and the fraction of Confucian population (CONFUC), see Magnus, Powell, and Prufer (2010) for a detailed description of the data. Model Setup B contains two core regressors, the constant term and GDP60, and all other variables in Model Setup A are auxiliary regressors. 17 The parameter of interest is the convergence term of the Solow growth model, that is, the coefficient of the log GDP per capita in 1960. The total number of observations is 74. We consider all possible submodels, that is, we have 16 submodels in Model Setup A and 128 submodels in Model Setup B.
We consider seven estimators: (1) the least squares estimator for the full model (labeled Full), (2) the averaging estimator with equal weights (labeled Equal), (3) optimal frequentist model averaging estimator (labeled OFMA), (4) Mallows model averaging estimator (labeled MMA), (5) jackknife model averaging estimator (labeled JMA), (6) focused information criterion model selection (labeled FIC), and (7) The estimation results for Model Setup A and B are given in Tables 3 and 4 , respectively. We also report the estimation results for the weighted-average least squares (WALS) estimator proposed by Magnus, Powell, and Prufer (2010) for comparison. The WALS estimator is a Bayesian model averaging technique that uses a Laplace distribution instead of the normal prior as the parameter prior. The results in Tables 3 and 4 show that all coefficients have the same signs across different estimation methods except the estimated coefficient of DPOP by FIC in Model Setup A.
In Model Setup A, the coefficient estimate and standard error of GDP60 are similar across different estimators while OFMA has a relative lower coefficient estimate of GDP60. In Model Setup B, the plug-in averaging estimate of GDP60 is quite close to the least squares estimate from the full model and is higher in absolute value than other estimates. As we expected, the 90% confidence interval of the plug-in averaging estimate for GDP60 calculated by the proposed method (−0.0213, −0.0097) is wider than the traditional confidence interval (−0.0193, −0.0115). The important finding from our results is that the plug-in averaging estimator has the smaller standard error of GDP60 as compared to other estimators.
It is also instructive to contrast the results of Plug-In and WALS estimators. In Model Setup A, the estimation results are similar between Plug-In and WALS. In Model Setup B, the estimated coefficient of GDP60 is slightly higher in absolute value for Plug-In than for WALS, while the estimated standard error of GDP60 is smaller for Plug-In than for WALS. Therefore, the convergence speed of the growth model implied by our result is higher than that found by Magnus, Powell, and Prufer (2010) . Comparing the results between Model Setup A and Model Setup B, we find that the plug-in averaging estimator chooses different fundamental growth determinants in different model specifications. Therefore, our results support the findings of Durlauf, Kourtellos, and Tan (2008) and Magnus, Powell, and Prufer (2010) that the fundamental variables are not robustly correlated with growth. Tables 5 and 6 report the weights placed on each submodel, and Tables 7 and 8 report the regressor sets for each submodel. We only report the results of MMA, JMA, FIC, and Plug-In estimators, since OFMA weights are spread out across all submodels. One interesting observation is that the submodels chosen by Plug-In are completely different from those chosen by MMA and JMA in both Model Setup A and B. The submodels chosen by MMA and JMA cover the entire regressor set, while Plug-In excludes the regressors LAW and TROPICS in Model Setup A and the regressors SCHOOL60, DPOP, and CONFUC in Model Setup B.
Conclusion
In this paper we study the limiting distributions of least squares averaging estimators for heteroskedastic regressions. We show that the asymptotic distributions of averaging estimators with data-dependent weights are nonstandard in the local asymptotic framework. To address the inference after model selection and averaging, we provide a formula to calculate the standard error and a simple procedure to construct valid confidence intervals. Simulation results show that the coverage probability of proposed confidence intervals achieves the nominal level while the coverage probability of traditional confidence intervals is generally too low.
While this paper has focused on the least squares estimator, the proposed averaging method can be easily extended to the generalized least squares procedure. 18 It would be greatly desirable to extend the methodology to average across different candidate models and different procedures. Yang (2000) , Yang (2001) , and Yuan and Yang (2005) propose an adaptive regression to combine multiple regression models or procedures under the normality assumption. However, it is still unclear how to extend the analysis to the general setup. Another possible extension would be to investigate the asymptotic risk of least squares averaging estimators and to study the minimax efficient bound. Recently, Hansen (2013b) applies Stein's Lemma to examine the asymptotic risk of averaging estimators in a nested model framework. It would be an important research topic to extend the analysis to a more general model setting. This completes the proof.
Proof of Theorem 2: From Theorem 1, there is joint convergence in distribution of all √ n µ(θ m ) − µ(θ) to Λ m since all of Λ m can be expressed in terms of R. Since the weights are non-random, it follows that
Therefore, the asymptotic distribution of the averaging estimator is a weighted average of the normal distributions, which is also a normal distribution.
By Theorem 1 and standard algebra, we can show the mean of Λ as 
where the second equality holds by the fact that D θ , C m , P m , and δ are constant vectors and R ∼ N(0, Ω). Therefore, variance of Λ is 
In Lemma 2, we show thatΩ Since all of ξ * m,ℓ can be expressed in terms of the normal random vector R, there is joint convergence in distribution of all ξ m,ℓ to ξ * m,ℓ . Hence, it follows that w ′ ξ n w d −→ w ′ ξ * w. Following a similar argument to the proof of Theorem 3, we can show (5.17) and (5.18). This completes the proof.
Lemma 2. For m, ℓ = 1, ..., M , letΩ = 1 n n i=1 h i h ′ iê miêℓi whereê mi andê ℓi are the least squares residuals from the submodel m and ℓ. Suppose Assumptions 1 and 3 hold. As n → ∞, we havẽ
Proof of Lemma 2:
The proof is similar to that of Theorem 6.7.1 of Hansen (2013a) . Let · be the Euclidean norm. That is, for a k × 1 vector x i , x i = ( k j=1 x 2 ij ) 1/2 . Observe that
By Assumption 3 and the weak law of large number, we have 1 n
